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Abstract- Subwords are data items smaller than a word. Subword
parallelism, a technique that packs multiple subwords in a
register and processes them in parallel, has been used to
accelerate multimedia applications significantly. However,
subword computations also raise new challenges, one of which is
the subword permutation problem, i.e., efficient rearrangement
of subwords within a register or among several registers. MIX
instruction is one of several instructions that have been
implemented in general-purpose processors to address the
subword permutation problem. The MIX instruction is very
effective to perform certain subword permutations, namely,
subword matrix transposes. However, it is still not clear whether
MIX instructions can perform other types of permutations
efficiently and, if they can, what subword permutations can be
performed with what MIX instructions. This paper tries to
answer these questions. It first gives a more general definition of
MIX operations and then describes a class of subword
permutations that the MIX operations can achieve. It also
examines the instruction set architecture (ISA) support for the
generalized MIX operations.

I. INTRODUCTION

Traditionally, general-purpose processors are optimized for
word-oriented computation. They considered all the bits in a
register as one unit, a word. Hence, their instruction set
architecture (ISA) provides limited support for the
manipulation of data items smaller than a word. Few
instructions that operate at the bit level are logical (AND, OR,
XOR, and NOT) and SHIFT operations.

Recently, multimedia instructions have been added into
many processors’ ISA to accelerate multimedia processing.
For example, MAX-2 is the multimedia extension in PA-RISC
2.0 [1] [2], MMX, SSE, and SSE-2 are in IA-32 [3], and
AltiVec is in PowerPC [4]. These multimedia extensions are
based on the same idea: subword parallelism. Subwords are
data items smaller than a word. Multiple subwords can be
packed into one register and be processed in parallel. In
subword parallelism, subwords need to be rearranged
efficiently within a register or among multiple registers, so
they can be placed at proper positions for parallel processing.
Without such fast arrangement of subwords, called subword
permutation, the performance gain achieved by subword
parallelism may diminish.

Several instructions have already been defined to address
the subword permutation problem. For example, PERMUTE
and MIX are two instructions implemented in MAX-2 [2].
The PERMUTE instruction can perform any arbitrary
permutation of 16-bit subwords stored in one source register.
For subwords in multiple registers, Lee invented the MIX
instructions to combine even or odd subwords from two

source registers [6]. While these are the first subword
permutation primitives introduced into general-purpose
microprocessors, both PERMUTE and MIX dealt only with
16-bit subwords in MAX-2 [1] [2]. [A-64 extended MIX to
support 8-bit subwords and added five variants of byte
permutation instructions called MUX [5].

Lee further defined new subword permutation primitives
and proposed a minimal canonical instruction set for 2-
dimensional rearrangements of subwords packed into registers
[7]. The minimal canonical set includes MIX and PERMSET,
and both are defined for subword sizes that are powers of two.
Lee showed that the minimal set can efficiently perform any
transforms of a 2x2 matrix. However, the question of how the
minimal set can perform arbitrary transforms of larger
matrices is still open.

Recently, several bit permutation instructions have been
proposed to perform arbitrary bit-level permutations for bits
and subwords stored in one register. The bit permutation
instructions include GRP [8], OMFLIP [9], CROSS [10], [11],
and BFLY[12]. They are able to permute bits or subwords of
multiple bits efficiently, requiring logyK instructions for Kk bits
or subwords. But they also require all the bits or subwords be
stored in one register. Shi proposed a method that uses bit
permutation and MIX instructions to perform arbitrary
permutations of up to n subwords, where n is the number of
bits in a register [13]. The n subwords can be of multiple bits
and stored in more than one register. The method, however,
can not be applied to more than n subwords.

We noticed that although MIX is one of the first subword
permutation instructions, it is useful and effective in many
applications such as matrix transpose in JPEG and MPEG,
subword sorting [14], and subword permutation across
multiple registers [13]. However, to our best knowledge, it has
not been studied which subword permutations can be
performed efficiently with MIX instructions, and what MIX
instructions and how many of them are needed for these
subword permutations. In this paper, we try to answer these
questions.

The rest of the paper is organized as follows. In Section II,
we describe the MIX instructions implemented in MAX-2 and
[A-64. Section III gives a more general definition of MIX
operations and a class of permutations they can perform.
Section IV investigates the ISA support for the generalized
MIX operations and Section V concludes the paper.

II. MIX INSTRUCTIONS

The MIX instruction, first defined in MAX-2 [1], has two
versions, MIX left and MIX right. Both of them take two
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source registers and produce one destination. The subwords in
the source registers are divided into pairs. A MIX left
instruction takes the left subword in each pair, alternatively
from the two source registers while a MIX right instruction
takes the right subwords. Fig. 1 illustrates the MIX
instructions defined in MAX-2. In the figure, R1 and R2 are
two source registers containing four subwords each. The MIX
left instruction alternatively takes the left subwords from R1
and R2, and stores the result in R3. The MIX right instruction
takes the right subwords and stores them in R4.
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Fig. 1: MIX instructions in MAX-2

Since MAX-2 is defined on 64-bit registers and supports
only 16-bit subwords, each source register of MIX instruction
has four subwords. [A-64 added the support for 8-bit
subwords, increasing the number of subwords in a register to
eight [5].

The subwords in Fig. 1 form two 2x2 matrices. A, B, a, and
b are in one matrix and C, D, ¢, and d in the other. The two
MIX instructions actually transpose the two 2x2 matrices in
parallel. MIX instructions can also be used to transpose larger
matrices [1][13] [14].

III. Mix OPERATION

In this section, we will first give a more general definition of
MIX operation, and then study its properties.

A.  MIX operation

As described in Section II, the MIX instruction has two
variants, MIX left and MIX right. When both instructions are
used, every subword in the source registers appears once and
only once in the destination registers. So with a pair of MIX
left and MIX right instructions, we actually perform a
permutation on the subwords in the two source registers. In
Fig. 1, for example, the pair of MIX instructions performed a
permutation on eight subwords: (A, B, C, D, a, b, ¢, d) =2 (A,
a,C,c,B,b,D,d).

The MIX instructions can be defined for different subword
sizes and result in different permutations. In this paper, we
express the subword sizes in terms of minimal subwords,
which are the smallest data items we need to process.
Depending on applications, the minimal subword can be one
bit, eight bits, or other sizes. A subword consists of one or
more minimal subwords. We consider only subwords that
consist of k minimal subwords, where k is a power of two. For
convenience, subword in this paper is used to refer to all data
items, even if some of them may be larger than a word.

Suppose a sequence S of m subwords is (W,, Wy, W, ..
Wp_1) where m is even. A permutation Py on S is defined as
Pn(S) = (Wo, Wi, Wa, Wins2e2, Way Wiz 445 -+, Wina-2, Wina, W,
Wi, W3, Win2i3, Ws, Wmis, ..., Wmoo, W) If the m
subwords are stored in two registers, Py can be performed
with a pair of MIX left and right instructions with a proper
subword size. The MIX left generates the first half of Py(S)
and the MIX right generates the second half.

The general MIX operation MIXg,(S) is a permutation on
a sequence S of n minimal subwords, where n = gmk. g, m, and
k are powers of 2, and m > 1. The general MIX operation first
divides S into g subsequences of the same length: (S, S, ...,
Sg-1). Bach subsequence consists of m subwords and each
subword has k minimal subwords. Py, is then applied to each
subsequence. The final permuted sequence MIXyn(S) =
(Pm(So), P(S1), -, Pm(Sg-1)).

The operation in Fig. 1 can be considered as a MIX, g,
operation on a sequence of eight minimal subwords. The
original sequence stored in R1 and R2 can be represented as S
= (W, W1, Wy, W3, Wy, Ws, W, W;) = (A, B, C, D, a, b, ¢, d). All
the eight minimal subwords are in one subsequence (g = 1).
The permuted sequence in R3 and R4 is MIX, 5 (S) = (Ps(S))
= (W(), Wy, W, W, W1, Ws, W3, W7) = (A, a, C, C, B, b, D, d) The
permutation Py is performed with a pair of MIX instructions.

Fig. 2 illustrates three MIX operations on 16 minimal
subwords, whose values range from 0 to 15. In the figure, each
small box represents a minimal subword. The number at the
top indicates the subword position in the sequence and the one
at the bottom is the subword value, both in binary format. In

s W2,

0000 0001 0010 0011 0100 0101 0110 0111
0001| 0010 0100| 0101
1000 ! 1001 ! 1010 ! 1011 ! 1100 ! 1101 ! 1110 ! 1111 !
1000 1001§ 101o§ 10111 1100§ 1101§ 11101 1111§

MIX1,16, 1(S):

0000 0001 0010 0011 0100 0101 0110 0111
0000| 1000| 0010| 1010| 0100| 1100| 0110| 1110
1000 1001 1010 1011 1100 1101 1110 1111
0001| 1001| 0011| 1011| o101| 1101 0111| 1111
MIXL 3, 2(S .

0000 é 0001 0010 é 0011 0100 é 0101 0110 é 0111
0000: 0001| 1000 1001| 0100: 0101| 1100: 1101
1000 E 1001 1010 E 1011 1100 E 1101 1110 E 1111
00105 0011 10105 1011 01105 0111 11105 1111
MIXZ’ 3, l(S):

0000 0001 0010 0011 0100 0101 0110 0111
0000| 0100| 0010| 0110| 0001| 0101| 0011| 0111
1000 1001 1010 1011 1100 1101 1110 1111
1000| 1100| 1010| 1110| 1001| 1101| 1011 1111

Fig. 2: Examples of MIX operations



the original sequence S, subwords are located in positions
specified by their values. For example, subword 0000 is
located at position 0000, subword 0001 is located at 0001, and
so on. Doing so, we can tell the original position of a subword
from its value.

The first operation in Fig. 2 is MIX| 15,(S), which places all
16 minimal subwords in one single subsequence and permutes
the subsequence with P4 The result is Pi4(S) = (Wo, Wg, W,
Wig, Wy, Wiz, We, Wig, Wi, Wo, W3, Wi, Ws, Wi3, Wo, Wis) = (0000,
1000, 0010, 1010, 0100, 1100, 0110, 1110, 0001, 1001, 0011,
1011,0101, 1101, 0111, 1111).

The second operation MIX g,(S) places the 16 minimal
subwords in one single subsequence as well, but each subword
now has two minimal subwords. The 8-subword subsequence
is permuted with Ps.

The third operation MIX,5,(S) divides S into two
subsequences. The first subsequence consists of the first eight
minimal subwords 0000 to 0111 and the second one consists
of minimal subwords 1000 to 1111. Permutation Pg is then
applied to each of them. The result of MIX;5(S) is the
concatenation of two permuted sequences.

B. Subword permutations with MIX operations

In MIX operations, a minimal subword goes to many
different places, depending on the values of parameters g, m,
and k. The destination of a minimal subword can be obtained
from its original position by exchanging a pair of bits in its
index. Parameters g, m, and K determine which pair of bits to
be exchanged. In the examples shown in Fig. 2, the indices of
the minimal subwords consist of four bits because there is a
total of 16 minimal subwords. Let the four bits in the index be
i3, Iy, iy, and ip, and iy be the least significant bit. The first
operation MIX, 16, 1(S) exchanges i; and ip. The minimal
subword 0001, for example, is moved from position 0001 (i; =
0 and iy = 1) to position 1000 (i; = 1 and iy = 0). Subword with
ip = i3 stay in the same position. Such subwords include 0000,
0010, 0100, and 1111. Similarly MIX, 5(S) exchanges i; and
i;, and MIX,,5,(S) exchange i, and iy. Table I summarizes the
parameter values of the MIX operations in Fig. 2 and the
positions of the bits that are exchanged.

TABLE I: PARAMETERS OF MIX OPERATIONS AND EXCHANGED BIT PAIRS

G m k Bit pair
1=2° 16=2* 1=2° 3,0
1=2° 8§=2° 2=2' 31
2=2" 8=2° 1=2° 2,0

To understand why MIX operations switch two index bits,
we first look at a simple MIX operation MIX,,; on m
minimal subwords where m is a power of 2. MIX| n; is simply
a permutation Py, on the m minimal subwords. There are log,m
bits in the minimal subword indices. Py, switches bit (log,m—1)
and bit 0, as shown in Fig. 3a. The positions of the two
exchanged bits are determined by the definition of Py, which
exchanges the highest and lowest bits of subword indices
when m is a power of two.

logom bits

a) Pm and MIX|,n,1 exchange bit 0 and bit (logom — 1).

logom bits logyk bits

b) MIX,mk exchanges bit logok and bit (logom + logk — 1).
Lower log:k bits distinguishe minimal subwords in a subword.

log,g bits logom bits logok bits

€) MIXg,m.k exchanges bit log,k and bit (logom + logok — 1).
Highest log,g bits indicate subsequence numbers.

Fig. 3: Bits exchanged in a MIX operation

In MIX, nx operations, there are mk minimal subwords in
total. The minimal subword indices consist of log,m-+logyK bits.
The higher log,m bits are subword numbers and the lower
logok bits are minimal subword numbers within a subword.
For k minimal subwords in the same subword, the higher
logom index bits are the same but the lower log,k bits are
different. During MIX, nx operations, the lower log,k bits do
not change because minimal subwords do not change relative
positions in a subword. Among the higher logom bits, which
are the subword numbers, the lowest and highest bits are
exchanged. Essentially, MIX, n is still a Py, permutation, with
a larger subword size. In minimal subword indices, the
exchanged bits are bit logok and bit (logom+logok—1), as
illustrated in Fig. 3b.

In MIXg mk operations, the indices of minimal subwords can
be divided into three sections. The highest log,g bits are the
subsequence numbers, the middle log,m bits are the subword
numbers, and the lowest log;k bits are the minimal subword
numbers. When MIX, nx is performed on each of the ¢
subsquence, the highest log,g bits of the minimal subword
indices remain the same. The exchanged bits are still bit log,k
and bit (logom+logyk—1), which are the lowest and highest bits
of the subword numbers. This is illustrated in Fig. 3c.

In general, MIXgnx moves minimal subwords to a location
where bits X and y of their indices are exchanged, and X =
logom+logyk—1 = logy(mk)—1 and y = log,k. In a sequence of n
minimal subwords and n = 2'| minimal subword indices
consist of | bits, iy, iz, ..., Ilp. Choosing proper m and K, we
can exchange any two bits in the index. Therefore, if a
subword permutation can be obtained by permuting the index
bits of minimal subwords, it can be performed with MIX
operations. And at most log,n—1 MIX operations are required
to perform such subword permutations, where n is the number
of minimal subwords, because the indices have log,n bits and
one MIX operation can move one index bit to its final location.

A MIX operation is the inverse of itself. If a MIX operation
exchanges bit x and bit y, repeating this operation exchanges
bit x and bit y again and moves minimal subwords to their
original positions.



Taking matrix transpose as an example, we show how MIX
operations can be chosen for a subword permutation. Suppose
A is an 8x8 matrix that need to be transposed. a;; is the
subword located at row i and column j. Both i and j are 3-bit
numbers, whose values are between 0 and 7. We map A to a
linear array S of 64 subwords. Subword a;; becomes subword r
in S, where r=8i+j=(i«3)+j. r is actually the concatenation of
the bits in i and j. The matrix transpose of A then becomes a
subword permutation on S. Subword a;; will be located at row
J and column i in the transposed A and at position r’=(j<3)+i in
the permuted S. Comparing r and r’, we can see | and j are
swapped. If the original location of a subword is (Isrsr3rarry),
its new location is (r,rirorsrsr;). Therefore, the 8x8 matrix
transpose can be achieved by a permutation on the bits in
subwords’ indices, which can be done with three MIX
operations:

S =MIX4 161 (S) ; exchange bit 0 and bit 3

S=MIX; 162 (S) ; exchange bit 1 and bit 4

S =MIX; 6. 4(S) ; exchange bit 2 and bit 5

The first MIX operation moves r; to the new position and,
at the same time, moves I, to the right position as well. One
MIX operation moves two bits. Similarly, other two MIX
operations move two bits each. Three MIX operations move
all the six bits and they can be performed in any orders. It does
not matter which pair of bits are exchanged first. Although the
8x8 matrix transpose needs only three MIX operations, in
general, permutations of n subwords may require logyn—1 MIX
operations to place all index bits in proper positions. However,
we will see in the next section that some MIX operations do
not need to be performed explicitly.

IV. ISA SUPPORT FOR MIX OPERATIONS

There are numerous MIX operations as three parameters can
be set to many different values. In this section, we investigate
whether a small set of essential MIX instructions can perform
all the MIX operations. We examine if the three parameters of
MIX operations are scalable. A parameter is scalable if the
ISA support of MIX operations with the parameter set to a
specific value can also perform efficiently other MIX
operations with the same parameter set to different values.

Parameter g is scalable when no two subsequences are
stored in the same register. Since subsequences are in different
registers, operations on a subsequence do not affect other
subsequences. If MIX| nx is supported, MIXgmx can be done
efficiently for any g > 1. We simply perform MIX| n on each
of the g subsequences. If a register holds more than one
subsequence, we have two options. We may add new MIX
instructions for each MIX operation on one register, or we can
use instructions for arbitrary subword or bit permutations.

The subword size K is not scalable. If a subword size is not
supported by ISA, there is no general efficient way to process
such subwords with instructions for other subword sizes. Note
that when the subword size is equal to or greater than the word
size, the MIX operation does not need to be performed
because any subwords can already be accessed directly.

The subword number m is scalable when subsequences of m

subwords are stored in two or more registers. Suppose each
register stores R minimal subwords and the MIX left and MIX
right instructions on minimal subwords are available. A pair of
MIX left and MIX right instructions performs a MIX g
operation. In this case, the m=2R subwords are stored in two
registers.

When m increases, subwords have to be stored in more than
two registers. Consider the MIX | ; operation, where m = 2uR
and U is a power of two. The m minimal subwords need 2u
registers because a register can hold only R minimal subwords.
Suppose RSO through RS(2u-1) are the source registers and
RRO through RR(2u-1) are the destination registers. In a
MIX, n,; operation, the 2u source registers are divided into two
halves, as well as the 2u destination registers. The four halves
are illustrated in Fig. 4 as four rows, each of which consists of
u registers. The top two rows are the source registers and the
bottom two rows the destination registers. The registers also
form u columns. The MIX,,; operation takes the even-
numbered minimal subwords, alternatively from two halves of
the source registers, and place them into the first half of the
result. Then, it takes the odd-numbered subwords and places
them into the second half of the result. During this process,
subwords do not cross columns. For example, the subwords in
RSO and RS(u) are placed into RRO and RR(u), with even-
numbered subwords in RRO and odd-numbered subwords in
RR(u). Within each column, the operation performed is
actually a MIX, ,r;. Therefore, MIX,n; can be performed
with u MIX, 5z operations, one in each column. In total, we
need 2U instructions to perform MIX; n, ; for m = 2uR.

2u registers stores 2UR minimal subwords

RS0 RS1 RS(u—1)

| 0,R-1 | | R,2R—1 |.... (u-DR, uR-1

RS(U) RS(u+ 1) RS(Q2u-1)

| uR, (u+1)R-1 | |(u+1)R,(u+2)R—l| esee |(2u+1)R,2uUR-1
MIX »r,; on MIX; 51 on MIX 5 on
RS0, RS(U) RS1, RS(u+1) RS(u-1), RS2u—1)

l l l

RRO RRI RR(u-1)
[0RT ] [RET Jeeer [CIRET]
RR(u) RR(U + 1) RR(2U - 1)

[UR, (WDR-1 | |u+DR(u+2)R-1| e 0@ e [(2u+DR2UR-1

Fig. 4: Scalability of subword number m

When the number of subwords m < 2R, all the subwords in
a sequence is placed in one register. We have two options,
which are similar to the solutions for storing more than one
subsequence in one register (see the discussions of parameter
g). New instructions may be added for each different m. For
example, 1A-64 has MUX1@MIX for eight 8-bit subwords
and MUX2@ALT for four 16-bit subwords. Alternatively, bit
or subword permutation instructions can be used to perform
the MIX operation within a register. For instance, PERMUTE



in PA-RISC 2.0 can perform arbitrary permutations, which
include MIX operations, of four 16-bit subwords.

In summary, k is not scalable, g is scalable when no two
subsequences share a register, and m is scalable when
subsequences are stored in two or more registers. When m is
scalable, g is scalable too. Since subword size K is not scalable,
processors have to support in ISA all the needed subword
sizes. When a subsequences is stored in more than one register,
i.e., when both g and m are scalable, two variants of MIX
instructions like the ones illustrated in Fig. 1 can perform
MIXgmk for any m > R, where R is the number of minimal
subwords in a register and k is a supported subword size.
When one or more complete subsequences are in a register,
specific MIX instructions or general bit or subword
permutation instructions are needed.

Table II summarizes the number of instructions for MIX
operations. When the subword size K is equal to or greater than
R, the MIX operations do not need to be performed explicitly
because every subword can be accessed directly. When the
subword size is smaller than R, there are two cases to consider.
In the first case where a subsequence is stored in more than
one register, MIXgnmk takes gmk/R instructions. Each
subsequence, consisting of mk minimal subwords, is stored in
mk/R registers, and needs mk/R instructions. In the second case,
one or more subword subsequences are stored in one register.
All the minimal subwords are stored in [ gmk/R| registers,
where [x| is the smallest integer not less than x. If |
instructions are needed to perform MIX operations for the
subwords in a register, MIXgny takes I gmk/R | instructions.

The analysis in Section III showed that if a permutation of n
minimal subwords can be achieved with MIX operations, then
at most log,n—1 MIX operations are needed. On processors
that can store R minimal subwords in a register, the number of
required MIX operations is reduced to log,R because the MIX
operations with k > R do not need to be performed explicitly.

TABLE II: NUMBER OF INSTRUCTIONS FOR MIX OPERATIONS

MIX Number of Description and
parameters instructions positions of the exchanged bits, x and y
K>R* 0 The subword size is larger than the word
- size. X > logy:R and y > log,R.
k <R and KR A subsequence is stored in two or more
mk >R gm registers. X > log,R and y <log:R.
mk <R I~|_gmk/R—\ . One or more subsequences are stored in one

register. X <logyR and y <log,R.

* R = Number of minimal subwords in a register.
+ | = Number of instructions that perform MIX operations within a register.

V. CONCLUSIONS

The MIX instruction is useful and effective in many
applications to perform subword permutations. In this paper,
we first defined MIX operations in a more general form. We
then studied its properties and identified a class of subword
permutations that can be performed with MIX operations. A
subword permutation can be performed with MIX operations
if the new locations of subwords can be obtained through a
permutation on their original index bits. For this class of
subword permutations, at most log,n—1 MIX operations are

required for N minimal subwords. On processors that a register
can hold R minimal subwords, the number of MIX operations
that really need to be performed is at most log,R. We also
studied the ISA support for the generalized MIX operations.
MIX instructions like those implemented in PA-RISC 2.0 and
IA-64 can support MIX operations on sequences stored in two
or more registers. In this case, a MIXg,m,k operation takes
gmk/R instructions. MIX operations on subwords stored in one
register need either specific MIX instructions or general
subword permutation instructions. If a register needs |
instructions, a MIXg,mKk operation takes I~|—gmk/R—|
instructions. The work in this paper provides programmers or
compilers with a systematic method that performs subword
permutations with MIX instructions. It also helps processor
designers define MIX and subword permutation instructions,
especially when designing application-specific ISAs.
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